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1 Introduction 



In a series of recent papers [IH3], solutions of the vacuum Einstein equations 
defined to the future of a light cone, say Co, issued from a point O, have been 
characterized in terms of data on a light cone. Part of those data is provided 
by a symmetric degenerate tensor on Co, and the approach there requires 
this degenerate tensor to be induced on Co by some smooth Lorentzian 
metric C = C^ v dx^dx u . The question then arises, how to usefully describe 
the induced tensors having this property. Now, tensor fields on (0, R) x S 2 
with vanishing r-components, where r parameterizes (0,R), can always be 
written in the form (see, e.g., Appendix E]) 

r 2 [(1 + ~i)s A B + 2a llA B - SABS CD a\\ C D + e A C (3\\ C B + e B C 1 P\\ca] dx A dx B , (1.1) 

where s = SABdx A dx B is the round unit metric on S 2 , and || denotes co- 
variant differentiation on (S 2 ,s). Further, s AB is the inverse metric to sab, 
e A B '■= s Ac ecB, and 1 A b is the alternating tensor on (S 2 ,s). This shifts the 
extendibility question to that of the properties of the functions a, (3 and 7. 
The aim of this note is to prove the following (see Section [2TT1 for terminology 
and Section [2721 for the proof): 

Theorem 1.1 A tensor field on (0, R)xS 2 of the form (II .ip is the restriction 
of a smooth metric in normal coordinates to its light cone if and only if the 
functions a, (3 and 7 are Co-smooth, except possibly for the £ = and t = 1 
spherical harmonics of a and (3 which give zero contribution to (11. ip • 

Consider the vacuum general relativistic characteristic constraint equa- 
tion in the affinely parameterized gauge (see, e.g., [3]): 



where r is the divergence of Co and a its shear. Given a and /3, Equa- 
tion ( II. 2p can be viewed as a non-linear ODE for 7, and thus the functions 
a and can be thought of as representing unconstrained degrees of freedom 
of the gravitational field. 

Theorem 11.11 invokes normal coordinates for the metric C, and its proof 
requires a useful description of the components of a metric tensor in normal 
coordinates. This is provided by the following result, proved in Section |2~T| 
which has some interest of its own: 



n — 



T + kl 2 = o, 
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Theorem 1.2 The coordinates w M are normal for a metric C^ v if and only 
if there exists a tensor field fi Q/ g 7< 5 satisfying 

Qa/3~/6 — Q"/6a/3 = ~^/3a-/S (1-3) 

such that 

ffa 7 = Va-y + ^l a ^5 W P W & , (1.4) 

where underlined tensor components denote coordinate components in the 
coordinate system w^, and where r\ is the Minkowski metric. 

Remark 1.3 While we are mainly interested in Lorentzian metrics, we note 
that Theorem 11.21 has a direct counterpart in all signatures. 

The main issue of our work is the understanding of the behaviour of the 
objects at hand near the vertex of the cone. Many of the considerations 
below are valid only within the domain of definition of normal coordinates 
centered at the vertex of the light cone, which is sufficient for the purpose. 

2 Tensors and the light cone 

Consider a smooth metric C in normal coordinates As already pointed 
out, we write C7g 7 for the coordinate components of the metric tensor in this 
coordinate system. We reserve the notation C^ u for the components of C in 
the coordinate system (x° = u, x 1 = r, x A ), defined as 

n 

w = x l_ x y U ;* = x 1 e i (x A ) With [ Qi ( xA )} 2 = 1 • (2- 1 ) 

i=l 

Thus 

w 1 

d u = —d w o , d r = d w o H d w i , 

r 

and 

v = -(dx ) 2 + 2dx°dx 1 + r 2 s AB dx A dx B , r/ s = d 2 r + 2d u d r + r - 2 s AB d A d B . 

The explicit form of the transformation formulae for a symmetric tensor 
T M! , reads 

Too = Too, T i = — Tqq — T^Q 1 , Tqa = ~ T^r -^—^ , (2.2) 
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T u = Tho + 27o i 6 i + 7^9^', T 1A = T^r^ + TjfQ^ , (2.3) 

—^m x x <-> 



Conversely, T Xfl = f^f^T^ gives 



Ox^ 

Tqq = Tqq, Tpj = —(Tqq + Tqi)Q* — Tqa-^— r , (2.5) 

(2.6) 

An overline over a function / denotes restriction of the function to the 
light cone Co = {w° = if we parameterize the cone by w = (w l ), we 

have 

7(w) := = \w\,w) , 

where |u>| 2 := J2A wt ) 2 - 

Note that the domain of definition of normal coordinates for a general 
metric is rarely global, and that our considerations apply only within this 
domain. 

Since Co can be coordinatised by w, functions on Co can be identified 
with functions of w. A function ip on Co will be said to belong to C k (Co) if 
ip can be written as + rip, where (p and ip are C k functions of w. A function 
on Co will be called Co-smooth if it can be written as (p + rip, where ip and 
ip are smooth functions of w. A similar definition is used for real-analytic 
functions. It is not too difficult to show that a function ip is Co-smooth if 
and only if there exists a smooth function ip on space-time such that ip — f. 
In other words: 

Proposition 2.1 A function ip defined on 
C := <w^e R n+1 : w° 

can be extended to a C k , respectively smooth, respectively analytic, function 
on R n+1 if and only if ip is C k (Co), respectively Co-smooth, respectively 
Co-analytic. 

The proof of Prop osit ion 12 . 1 1 for real-analytic functions can be found in [2]; 
the remaining cases are covered in Appendix IA1 
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2.1 Normal coordinates 

Recall that (local) coordinates w^ 1 are normal for the metric C if and only if 
it holds that [TO] 

C^ = 7^f. (2.7) 

For completeness, and because of restricted accessibility of [TU] . we give a 
proof of this in Appendix [B] 

It follows from Q and ([H]) that 

C 5 ^ = ^ C^WW = —y^W = , (2.8) 
Coi" = ~C 0v w v = -h^~w u =\ , (2.9) 



99^ 



= ^"si-Ee'fci^E'V^ (210) 

(note that the only information, that does not immediately follow from the 
fact that Co is the future light cone for the metric C, is provided by (12. 9ft ; 
the remaining equations can serve as consistency checks). 
We set 

h/J,l/ • G fill) ^]flV 1 

and we will lower and raise all indices with the metric rj. Hence the coordi- 
nates w a are normal for C = C flp dw IJ 'dw u if and only if 

h J ^w ti = 0. (2.11) 

Note that, from (l2~8l) -( l2~T0l) . 

7^=0 p :=f |YV = 0. (2.12) 

The question arises, how to describe exhaustively, and in a useful way, 
the set of tensors satisfying (12. lip . One obvious way of doing this is to use a 
projection operator: indeed, for any smooth symmetric tensor (f>^, the tensor 
field 

Pa^iVp^w^u , where Pj> = % - ^ W "f 
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is a smooth tensor field satisfying ( 12. lip . This leads to a restricted class of 
tensors because of the multiplicative factor (ri pcT w p w a ) 2 above (in particular 
the resulting tensor induced on the light cone has vanishing AB components), 
and it is not clear how to guarantee smoothness of the final result without 
the multiplicative factor. Variations on the above using a space projector 
5j — r~ 2 x l xi lead to similar difficulties. 

Note, however, that solutions of ( 12. lip can be constructed as follows: let 
be any smooth tensor field satisfying (ll.3p . Then the tensor field 

h ai = Vta^sw^w 5 (2-13) 

is symmetric, and satisfies (12. lip . Theorem 11.21 follows now immediately 
from: 

Proposition 2.2 A tensor field satisfies (12.111) if and only if there exists 
a tensor field fl a/ 3 7 s satisfying (II. 3p such that (I2.13P holds. 

Proof. We work in a given smooth coordinate system x M . The sufficiency 
has already been established. To show necessity recall, first, that any smooth 
tensor field satisfying 

A ll x» = (2.14) 

can be represented as 

Af, = Vt pu x u , with = -Q Ufl . 

To see this, note first that differentiation of (12.141) shows that A p (0) = 0; 
then 



f ^[sA^sx a )]ds= [ [A^sx a ) + sx v d v A^sx a )\ds 
o ds J 



sidyA^ - d fl A„)(sx a )ds 



o 



where we have used 

= A^sx a ) = -sx v d„A v {sx a ) . 

Applying this to at fixed v we find that there exists a field Q a f3v, anti- 
symmetric in a and /3, such that 

h^u^yX^ Vl^ au (x ps )x 
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Applying the construction again to the last equation at fixed fi and a we 
conclude that 

for some field fi a/ 3 7( 5, anti- symmetric in 7 and 5. This is of the desired form, 
but the pair-interchange symmetry is not completely clear. However, the 
above prescription gives 

Is 2 It (<9a<9<t V> ~ dxdf.h^ + d v d^h aX - d^h^x) (stx p ) dt ds , 
Jo Jo 

(2.15) 

which makes manifest all the symmetries claimed. This equation defines the 
components of the tensor field £L l > U j V \{x p ') in the coordinate system x p . □ 
One should bear in mind that Q a p-ys is not uniquely defined by (I2.13p . 
However, (" 12 . 1 5[) can be used as a canonical choice, if needed. 

It would be of interest to provide an answer to the corresponding question 
for tensor fields satisfying ( 12. lip on the light cone only: 



V^ = 0. (2.16) 

We return to this question in Section [31 where some partial results are given, 
but we have not attempted an exhaustive study. In any case, on the light 
cone (12. lip gives the following: 



ho = il i 0j w l w J , (2.17) 

hi = ( - QojQj r + nojik W k )w J , (2.18) 

hjj = Qiojp r 2 + [ - Slpiju r - Vtp jik r + Q ikje w £ ] w k . (2.19) 
In coordinates adapted to the light cone (I2.17p - (l2.19p translate to 



hpp = n mj w % w 3 , (2.20) 
Kv = 0, (2.21) 

r(n 0j0i r - Q 0jik w k )w 3 ^ , (2.22) 



tiAB = r 2 Qipjpr 2 



iOjO 

I o o o A k\d&dQ j 

+ { ~ Mpijkr - UpjikT + ijikjjW )w 



J dx A dx B 



(2.23) 



In particular /i a factors out through r and is 0(r 3 ), while Hab factors out 
through r 2 and is 0(r 4 ). 
For further use we note 

-dx A dx B 



h 



AB 



dw p dw q 



\w k 



+ [ - ^k(r5 l p - «/6 p ) - n 0jpk (r5i - w j Q q ) + tt pkqe w e ] ■ 

= u^w i w j & p Q ,! + w k w' (iwe" + ye j ) (2.24) 

+r 2 n p o q o - Q i0q o w t w p - QpOiow l w q - (r Q 0pqk + r Q 0qpk - tt pkqi w e )w k . 

This equation has been derived under the assumption that the coordinates 
are normal; however, hABdx A dx B is intrinsic to the light cone, and hence 

this equation provides the most general form of a tensor field tiABdx A dx B 

arising from some smooth metric C^ v in coordinates which coincide with the 

normal ones on the light cone Co- 

Note that given the specific structure of the terms containing 0* above, 

it is clear how to extract fioioj and &oijk from Hab- 

We shall say that a tensor field h is Co-smooth if there exists a coordinate 

system in which the components of h are Co-smooth. We conclude that 

(keeping in mind the local character of normal coordinates): 

Proposition 2.3 A tensor field (f>ABdx A dx B on Co arises from the restric- 
tion to the light cone of a metric in normal coordinates if and only if there ex- 
ist Co-smooth tensor fields Ay, symmetric in its indices, A^ k , anti- symmetric 
in the last two indices, and A^m, satisfying Ayjw = A k uj = —Aj ik i, such that 

, 2 ° \ 

yfAB AB) q w<} 

= A li w l w j Q p Q q + w k (A tqk w l Q p + A Jpk w j Q q ) 

+r 2 A pq - A iq w i w p - A p iw i w q - (r A pqk + r A qpk - A pkqe w e )w k .(2.25) 

Proof. The necessity is clear from ( 12.241) . To show sufficiency, suppose that 
a tensor field satisfying (12.251) is given. Let fl^upa be any smooth tensor field 
satisfying VL^ upa = -fl UW a = ^W*/ such that 



^oioj Aij , figijfc A{j k , Vlij k i A{j k i 
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existence of fla^s follows from Proposition 12.11 Then ip A B is the restriction 
to the light cone of the smooth tensor field rj^ + ^l tipva w p w a for which the 
coordinates w p are normal. □ 

Recall [3] (compare [319]) that solutions of the Cauchy problem for the 
vacuum Einstein equations with initial data on an affinely-parameterized 
light cone are uniquely determined by the conformal class of CABdx A dx B . 
The remaining components of C Mi , are thus irrelevant for that purpose, and 
for the sake of computations it is convenient to choose them as simple as 
possible. It is therefore of interest to enquire whether any Cab can be realized 
by a smooth metric satisfying 

C^=-l, C^ = 0, C^w i = w i . (2.26) 

Our equations above show that this is only possible for C^s's which, in 
coordinates which coincide with the normal ones on Co, are of the form 

dx A dx B 



Pi A pi B 

Equivalently, all the functions /iab§^f§^? are Co-smooth. 

We finish this section by the following curious observation, which shows 
that normal coordinates can be induced from one-dimension-up: 

Proposition 2.4 The coordinates w 1 \ w q = q are normal for the metric 

gij\ w o =0 dw l dw J . 

Proof. From h^ u w^ = one finds hij\ w o =0 w l = 0, and the result follows 
from the Riemannian counterpart of the equivalence (12. lip . □ 



2.2 Scalar potentials for the metric in dimension 3 + 1 

So far we have been using general space dimension n. For n = 3, using a 
standard decomposition (cf., e.g., [7]) of symmetric tensors on S"™^ 1 = S 2 we 
can write 

CJE = r 2 [(1 + ~i)s AB + 2a llAB - s AB s CD a llC D + e A c f3\\ CB + e B C (3\\ca] ,(2.27) 
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We wish to find necessary and sufficient conditions on the functions a, (3 and 
7 so that Cab arises from a smooth metric on space-time. 

For reasons that will become apparent shortly, we want to calculate 

rf^VjlpC^ and V ^T a w^ s V p V^C 5a , 

where V is the covariant derivative of the metric rj, while 

The calculation of rj c ^rj pv V a V >C ^ can, and will, be done without as- 
suming n = 3; we will use the symbol s to denote the unit round metric on 
S' 1 ^ 1 . Writing (x a ) = (x ,^ 1 ), from 

1 1 

-pA rA -pu pr 

1 rB — ~°B 5 1 AB — ~->\AB AB > 

we find 

:= rTrf^hap 

= d A h Au + a o /i oy + 2/i rB f Br + + /i^f B AB + /i AB f AB . 

Hence 

V^ 6 = ^|| A + 9 a ^ + ^^-^^ B , (2.28) 

where 1 1 denotes covariant differentiation on (S n ~ x , s). Further, using V M X M = 
Idetr/l-^^ddetr/l 1 /^), 

t^Vjjph^ = h AB \\ AB + h a \ ab + 2d a h a \ A + ^^||A + ^<9 a /T a 

1 1 n — 1 

— (0„# + r tf ) - -.if + — 5-fr rr , (2.29) 

and 

H := rj AB h AB , hence H = rf^h^ ■ 
To analyze the right-hand side of (I2.29j) the following formulae are useful: 



h rr 


— h +21) +h — h •B*B J ' 


(2.30) 


h ur 


= h ur + Kr = h m Q l + hijQ % Q j , 


(2.31) 


h uA 


= /i rA = /loir . + hjiW J . , 
— ot; a — =- ox A 


(2.32) 


h uu 


= h rr = h m + 2h Q + h ij Q i Q j , 


(2.33) 


H 


= h>AB = rTh^ + hoo- //,,(-)'(-)' . 


(2.34) 
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Functions of the form r~ 2 (fi + rv), where \x and v are restrictions to the light 
cone of smooth functions on space-time, will be called mildly singular. In 
what follows one should keep in mind that any function ip can be written as 
r 2 (/?/r 2 , and is thus mildly singular if (p is Co-smooth. In particular, all h a bS 
and /i af "s are mildly singular if the metric C is smooth. 

Denoting by "m.s." the sum of all mildly singular terms that might occur, 
one finds 



d a d b h ab = e i e j e k e i d wk d w ih ij + m.s. 

2n. 
r 



2d a h aB \\ B = -2Q i Q j Q k e i d wl d w3 h lj — e i e j e k d wk h ij 



In 

+— e j e^ + m.s. , 
—h rB n B = -^e^e^^-^^^e^ + m.s. 

ry I I ry _ ry A _ 

T ^^d a h ar = 7 ^-^e i e j e k d w khi i + m.s. , 

— (d r H + d u H) = -Q i Q j Q k d w nh i j + m.s. , 

77 — 1 1 77 

-—h TT - -h = -e j e j ^ + m.s. . 

ry £ ryZi ryZi _ 

We conclude that 



h AB U B = -d W id wj h M e i e j e h e i - ^ 2n ^ lj d wi h jk e 

■2 



Ti 

-^hijQ'Q 3 + m.s. . (2.35) 
We emphasize that this formula is independent of the "gauge condition" 

Kv_w» = o. 

We now assume that the space dimension n equals three. From ( I2.27P we 
find 

7 = y = \ (V V + hoo~ hii&Qi) , (2.36) 
which is mildly singular. Let xab denote the s-trace-free part of Iiab, then 

h AB U B = X AB \\AB + ^A 7 , 
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where A is the Laplace-Beltrami operator of s. With some work, using 
Ae i = -26\ we find 

—jhy&e* + m.s. , (2.37) 
which shows that x AB \\ab is again of the general form f |2.35|) : 

x ab \\ab = -^d W idrih M e i &e k e t -*drth#e i &e k 

— - hy&G'+m.s. . (2.38) 

It turns out that things improve when the normal coordinates condition 
is invoked. For then we have 

htfw* = -h 0j w° , (2.39) 
hojW* = -hoo_w\ (2.40) 

= M»°) 2 , (2-41) 
w^Wdkh^ = (-2hoo + w k d k hoo)(w ) 2 , (2.42) 
= [«/<9,( - 2/ioo + w fc <9 fe /ioo) + 3(2/ioo - w fc 0*/igg)] (w ) 2 . 
On the light cone this gives 

= -V, (2.43) 
VS>* = -h^o, (2.44) 

^e fe e ? ew^ = -^ + e fe 4/^, (2.46) 



e*e fe e*e^<9 fc /% = ( - 2^0 + w fe 0*£oo) + 3 (2^0 - w k d k hoo) . 

(2.47) 

Since all the right-hand sides are mildly singular, from (I2.38j) we conclude 
that 

A(A + 2)a = r^s Ac s BD XcD\\AB = r 2 V AC V BD XcD\\AB = r 2 X AB U B 

= r 2 x m.s. ; (2.48) 
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equivalent ly, 



A(A + 2)a is Co-smooth. 

Up to an element of the kernel of A(A + 2), which is irrelevant as it does 
not contribute to (I2.27p . we find that a is Co-smooth: Indeed, if we let II 
denote the projector, at fixed r, on the space orthogonal to £ = and £ = 1 
spherical harmonics, we have 

Proposition 2.5 Let k e N U {oo} U {u}, and let A(A + 2)a e C fe (C ). 
Then 

Ua e C k (C ) ■ 
Proof: Assume, first, that k < oo. Let 

k 

£ {fu-i p V h ■■■e ip + fu- ip ,V U ■ ■ ■ + o k (r k ) (2.49) 

be the Taylor series of A(A + 2)a, as guaranteed by Lemma IA.1I (The 
fact that the series starts at p = 2 will be justified shortly.) Decomposing 
the coefficients /^...^ and /^...j x into trace terms and trace-free parts, and 
rearranging the result, we can without loss of generality assume that the 
fix-.Ap's and / / i 1 ...i p _ 1 's are traceless. It then follows from [51 pp. 201-202] that 
the finite sums 

/*i..* e<l • • ■ Qlp and E •/"< i w ' • ■ ■ 0ip " ( 2 - 5 °) 

p fixed p fixed 

are linear combinations of £ — p, respectively £ = p — 1, spherical harmonics. 
(This explains why the sum in (I2.49P starts with p = 2, as the image of 
A(A + 2) is orthogonal to £ = and £ = 1 spherical harmonics.) Set 



k 

<p := a — 

p=2 

1 



k 

y - 



p(p+l)(p + 2) 
\ i f. . a«i . . . a«? J i f. . 



Then 

A(A + 2)^ = o fc (r fc ) 
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Standard elliptic estimates imply that 

V < i < k \\diUip\\ H k-i {s2) = o(r k ^) , 

and our claim easily follows. 

If k — oo, convergence for small \w°\ + \w\ of the series 

(2.51) 

follows immediately from that of 

{fh-h Qil ■■■® ip + /v..,, • • ■ e^-y . 

p=2 

If k = oo we let a denote the Borel sum, as in Appendix |Dl associated 
with (EH)). Then 

Vfc A(A + 2)(a-d) = o k (r k ) , 

and one concludes as before. □ 

Returning to our main argument, note that it follows from (I2.36j) and 
([glSD that 

7 = ^TV , (2-52) 

which shows that 7 is Co-smooth. 
We pass now to the term 

V p ^T a w^ s V,h 5a ~) . 

Let e^vpo be the unique anti-symmetric tensor such that 

£M23 = 1 , we set e" = ■ 
r aw 3 ow K 

Here, and in what follows, we use the summation convention on any repeated 
indices, regardless of their positions. We have 

T a w p e a ^ 6 V 7 h dt7 = -w'e^Vjhk, = re AB V B h Aa = re AB h Aa , B , 
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hAC;B = hAC\\B + ~VAB(h u C + Kc) + ~VBc(h u A + K A ) 

1 r l 

1 1 f f 

£ AB h.AC;B = £ AB hAC\\B + -e^C^uA + ^rA) , 



£ hAa;B = £ ^Aa||B ? 

and finally 

~ ^I\ rr l e KAb-B) a + {rri e tlAC;B) l]D 

= re AB X A C \\BC + re AB d u h u A \\ B +^d r (r i e AB K^) , (2.53) 

where, as before, xab is the traceless part of Kab- 

The left-hand side of the last equation is a smooth function on space-time. 
Next, 

o o 7/7* o 

re AB h Ar -B = T a ^e a ^V 7 /i fa dw° (d r )= T aW/3 e"^V 7 ^ + — T^e^V^ , 

where the right-hand side is the sum of a smooth function and of a smooth 
function divided by r. Hence so is its d u = — <9„,o-derivative, which is the 
second term in the last line of (12 .53j) . We note the identity, 

re AB h Au ;B = - T a w^ 5 V,h S0 , 

where the right-hand side is a smooth function on space-time. We conclude 
that 

e Xa C \\bc is mildly singular. (2-54) 

This implies that 



A(A + 2)/3 = r-H AB 's CD X AD\\BC 



r 2 e AB r] CD XAD\\BC 
r 2 e AB XA C \\BC 

2 



r x m.s. (2.55) 
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Up to an element of the kernel of A(A + 2), which is irrelevant as it does not 
contribute to (I2.27p . we find that /3 is Co-smooth. We have therefore proved 
necessity in Theorem 11.11 

We wish to show, now, that the conditions of our statement are sufficient: 
Co^smooth functions a, /3, and 7 lead to smooth metrics in normal coordi- 
nates. For this, it is convenient to view tensors on S 2 as tensors on R 3 which 
are orthogonal to y l in all indices. For example, the metric s = sab<Ix dx B 
is identified with r~ 2 times the projector 



l 7/ J 



WW 
Pij = Oij — 



Indeed, 



sabAx dx B = SAB-^—^r~dw l dw j = r~ 2 ( 5^ — ) dw l dw 3 . 



dw i dwi V %3 



r 



So, if Yi or Sij are tensors satisfying YiW 1 = = SijVji = Sijw\ we have the 
formulae 

T^i^j — Pi k P/dkYe , ViSjm = Pi k P/P m n dkSi n , T>iS % m = P k d k S(_ n . 
In this formalism we have T>if = P^djf, and 

ViVjf = p t k p/d k (p e m d m f) = p l k p/d k d e f-^p lj e m d m f. 

Hence 

l" J V,Vjf = I" J ihi) J j - ~Q m d m f . (2.56) 

Let us write 

a = a + ra , 

where a and a are smooth functions of w. We note that 

ViVjOL = ViVja + rViVja . 

Equation ( 12. 56ft with / replaced by a gives 

l (2V i V j &-P ij P kt V h V t &) 

r 2 (2P i k P/d k d e a - P tJ P ki d k d e a) 
&e j w k w e d k d e a - 2w i w e d j d e a - 2w j w e did e a 
-(r 2 5j - w^dtdta . (2.57) 



r 2, 
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An identical calculation applies to a. We conclude that the tensor field (11.11) 
contains ® terms of the form as in (12.251) . with 

Aij = didja + rdidjCt . (2.58) 

Next, we write 

P = P + r$, 

where $ and /3 are smooth functions of w. The contribution of $ to the tensor 
field (11.11) can be rewritten as 

rw l (e m d w jd w k{3 + e Mj d wl d w kf3) 
+w e w m (® l e jM + Q 3 e iM ) d w kd wm (3 , 

with a similar formula for (3. The resulting terms are of the right-form 

w m w e (A eim Qi + A ijm &) 

as in (I2.25P if we set 

Ag jm = e mM (d wJ d w kf3 + rd wJ d w k(3) - e jM (d w md w kf3 + rd w md w kj5) . (2.59) 

To summarize: let Qotoj be a smooth extension of A^ as given by ( IC.9I) . 
and let floijk be a smooth extension of A^ as given by (12. 59 p . if we set 
^ijki — 0, then the restrictions to the light cone of the ij components of the 
tensor field 

reproduce the non-manifestly Co-smooth terms in 

dx A dx B 



r 2 



[(1 + 7)sab + 2a\\AB - sabs CD oi\\cd + e A C ' I3\\cb + e B C P\\ca\ 



dw l dwi 



So the difference is a Co-smooth tensor field, say = f^ + rfij, with 
and fij smooth tensors on R 3 , that satisfies 

f ijW j = . (2.60) 

Now, it is not directly apparent that we have the desired formula, as in 
Proposition 12. 2\ 

fij = A ik , e w k w e (2.61) 
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for some tensor field A^i with the right symmetries, because is not dif- 
ferentiable. However, one can proceed as follows: Let fijk 1 ...k i be the Taylor 
expansion coefficients of /, 

Vm fij(w) = fijkx...k e w kl ■■■w ke + o m (r m ) , 

0<£<m. 

similarly for f ijk x ...k r Then the coefficients in the Taylor expansion of f^w 1 
have to vanish at every power of r, which implies that for all £ G N we have 

{fijk 1 ...k t Q kl ■ ■ ■ e ke + /-,/,,../, : (-) ; " ■ ■ • e k ^)e l = o . 

fixed i 

Equivalently, 

(f^...^ ■■■w k ' + rf ijkl ... kl _ lW k ^ ■ ■ ■ w k ^)w l = . 

fixed I 

Comparing this equation with the equation where w k is replaced by —w k we 
easily conclude that 

fi(jk!...ki) = = fi(jki—ki) ■ 

Let be obtained by Borel summation of the Taylor series of fij, as in 
Appendix [D] Then each partial sum {fij) p as defined in (ID.lj) has vanishing 



contraction with w l , and so fijW 1 = as well by passing to the limit. Since 
fij and have the same Taylor coefficients it holds that 

Vm /,,-/;, oJr>"). 

where we write ip = o m (r m ) if ip is m-times differentiable with 

lim (9 / t 1 • ■ • dk .if) = for < t < m. This implies that r(f ij — f H ) is smooth. 

Hence _ 

fij + r(fij - fij) 
is a smooth tensor field satisfying 

fu ■ iifu /-,)>' (l - 

By Proposition 12.21 we can write 

fij + r(fij - fij) = A ikje w k w e , f^ = A ikjl w k w l . 
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This shows that 

fij = ( AkjE + rA ikje )w k w e 



as desired. 

One concludes using Proposition 12.31 □ 



3 Other adapted coordinate systems 

So far we have concentrated on normal coordinates, as these are naturally 
singled out by the geometry. However, other (local) coordinate systems y yi 
in which Co takes the standard form {y° = \y\} exist, and can be useful for 
some purposes. The simplest possibility is provided by coordinate systems 
of the form 

^ = ^ + t^/VV, (3.1) 
for some smooth functions x M - It is likely that all coordinate systems for 
which Co = {y° = \y\} are related to the normal ones in this way, but we are 
not aware of a proof of this except in the analytic case in dimension 3 + 1. 

For sufficiently small \w° \ + \ w\ the inverse transformation to (12. 51ft takes 
a similar form 

^ = ^ + «/VV M , (3.2) 
for some smooth functions ip^. 

To avoid ambiguities, let us write 

g = g y ^yvdy^dy l/ = g w ^dw fl dw l/ = g^dw^dw 11 ; 

one finds 

gy^r = g w » w » + ^g w ^x a y^ + ^g w ^x a Vu + ^gw^x^y^yv , 

where y a = r) yay py p , with r) y » r = diag(-l, +1, . . . , +1). Clearly {q y ^y^y v = 
0} remains a null hypersurface on geometric grounds; a useful consistency 
check in subsequent calculations is to note that the last equation implies 

g y ^ y vy v = g w ^w v y v — f]y^y v y v ■ (3-3) 

To avoid a proliferation of notation, we will again use the symbols x a to 
denote coordinates defined as 

n 

y° = x l - x°, y { = x 1 Q i {x A ) with, as before, ^ [&(x A )] 2 = 1 . (3.4) 

i=i 
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It follows from fl2.20p - fl2.23p that the new = g^ v — rj^ takes on Co the 
form 



'00 



hoi = 2 {rg^x 11 ~ gg/y') 



'1A 



hoA 



h n = 0, 



h 



AB 



+ ( - Qoijkr - Qoji k r + Qjkjey £ )y k 



dx A 



dx A dx B 



(3.5) 
(3.6) 
(3.7) 

(3.8) 



(3.9) 



A Extending functions 



Lemma A.l A function cp defined on a light cone Co is the trace f on Co 
of a C k spacetime function f if and only if <p admits an expansion, for small 
r, of the form 



p=0 



with 



f p = /„..,,(-)" ■ ■ • + /',,..,,. ,(-)' • ■ ■ e^- 1 

where fi x ...i v and f- „■ . are numbers. 



(A.l) 
(A.2) 



The claim remains true with k = oo if f lA.ip holds for all k. 



PROOF: The result is trivial away from the origin, so it suffices to consider 
functions defined near the tip of the light cone. 

Suppose, first, that k < oo. To see the necessity, let / be a function 
which is C k in a neighbourhood of the origin in R n+1 . For any multi-index 
P = (ft, . . . , Pj) e CN n+1 Y, Pi e {0,1, ... , n}, with length 1 < := j < k 
set 

J-f 
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Then fp is C k in a neighbourhood of the origin, and thus admits a Taylor 
expansion 

k-\p\ 

U=Y1 h ^- ap y ai ■■■y ap + , (a.3) 

p=0 



o(\y\*-W) 



:h 







for some coefficients hp ]ai ... ap E R. Since fp E C k and hp E C°° we have 
g^fp-hpeC-W. Similarly 



/ = ^/ Ql ... Qp l/ ai ---^ + ^, (A.4) 

= :/i 

with f ai -a p G R, /i G C°° and g G C fc . The usual formula for the coefficients 
of a Taylor expansion implies that 



Hence 

d d d d 



(f-h) 



QyPl QyPj QyPl QyPj 

= fp ~ hp = gp = o(\y\ k -i) , (A.5) 

and so g = Oki\y\ k ). Now, / = h + g, and it should be clear that h is 
of the form ( 1A.2I) . The estimate ~g = Ok{r k ) is then straightforward from 
g = o k (\y\ k )i using 



d d _ fy 11 d d \ ( y l i d d 



Qy'il Qyl] 9 y QyO Qyh J y QyO Qylj J ^ 

Conversely, let ip = ifj + x be defined on a neighbourhood of O on Co, 
where 



k 

= >J/,,..,,// ■ • • y ip + r f', ..., .// ■ ■ ■ y**- 1 ) 



r p 



p=0 
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and where x — °k( rk )- Set t = y°, y = (y 1 , . . . , 



y n ), and 



k 



f(t,y) = J2(fh-* P y il ---y tp + tf 



i 1 ...i p ^y 11 ---y tp - 1 ) + x- 



p=0 



Then f = ip. The function x(if)i viewed as a function of (t,y), is trivially 
°k{\y\ k )i an d the proof is completed for finite k. 

The case k = oo is obtained from the above by Borel summation, using 



B How to recognize that coordinates are nor- 
mal 

In this appendix we prove some simple necessary and sufficient conditions 
for a coordinate system to be normal: 

Proposition B.l (Thomas | !10j ) Let be a local coordinate system de- 
fined on a star shaped domain containing the origin. The following conditions 
are equivalent: 

1. For every a M G R n the rays s — > sa M are geodesies; 



Lemma [D. 11 Appendix ID1 



□ 




PROOF: 1. <^ 2.: The rays 7 p (s) = sa^ are geodesies if and only if 








+P 1 Q/3 (sa CT ) 



d^ a d^ 



T fl a(S (sa r7 )a a a p , 



ds 2 



ds ds 



=o 



multiplying by s 



2 and setting x M = sa M the result follows. 
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3. <£>4.: 

9^)x a = g^(0)x a <=^> g» a (sa°)a a = giia (0)a a (B.l) 

^ ^- s (g» a (sa°)a a ) = (B.2) 

^ ?^*V = 0. (B.3) 

2. =>■ 4.: From the formula for the Christoffel symbols in terms of the 
metric we have 

r^ (l )xV = <=► ( 2 ^-^)x^ = 0. (B.4) 
Multiplying by x^ we obtain 

W a^O <=► ^ff' aVa^O (B.5) 

<^ ^ (^ Q (sa> Q <) = (B.6) 

<j=* ^( M >V = 5/w (0)aV (B.7) 

g^^x" = giia (0)x a x» . (B.8) 



Differentiating it follows that 

x a x^ + 2^ 7a (x' T )x Q = 2g ia (0)x a 



dg m {x° 



dx^ 

Substituting this into the last term in flB.4j) one obtains 



This implies that 



+ 5 MQ (x ff )x a - ^ a (0)x a = . (B.9) 



[^ a (sa M )sa Q - ^, Q (0)sa Q ] = 



and the result follows by integration. 
3.&4. =>- 2.: Point 4 implies 
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Differentiating one obtains 

^g^W + 2g a ^)x a = 2g a ,(0)x a . 
The last two terms are equal by point 4 so that 

^ = . 

ax^ 

This shows that the last term in (IB. 41) vanishes, so does the next-to-last by 
point 3, and the proof is complete. □ 



C Covector fields 

The aim of this appendix is to present a simple equivalent of our param- 
eterization of the metric for covector fields. This can be used for Cauchy 
problems on the light cone involving Maxwell fields. 

We start by noting that every covector field £ M on space-time can be 
written as 

Cm = £m + d^X , with = , 
for a smooth function A. This is obtained by setting 

A(w") = w a [ Ca(sw")ds . 
Jo 

By the arguments in Section I2TT1 there exists a smooth anti-symmetric matrix 
such that 

^n^w v . (c.i) 

As in the main body of this paper, the restriction to the light cone {w° = \w\} 
of £ M arises from a smooth vector field on R 4 satisfying = if and only 

if the restrictions Vl^ v are Co-smooth. 

An alternative parameterization of £ is obtained by introducing 

£n = -£o, 7 = ©1, U = k w A, U = a u + e A c f3\\c, (C.2) 
and we have £ u = 7 in view of the condition ^w 11 = 0. We then have: 
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Theorem C.l A field of the form ( \C2\i defined on (0, R) x S* 2 is the restric- 
tion to the light cone {w° = \w\} of a smooth vector field on R 4 satisfying 
w 11 ^ = if and only if 

a = ra + r 2 a, (3 = r(3 + r 2 f3, and 7 = w l d w i6> + 7-7 + r 2 7, 

where 

a, a, $, (3, 7 and 7 are smooth functions of w, 

except for the I = spherical-harmonics components of a and (3 which do 
not affect ^. 

PROOF: Necessity: it follows from the identities 



r 2 ^|| A = Aa = r 2 d wk £ k - trUrO,,,^, - 2rw% , (C.3) 



r 2 e AB U\\B = A/3 = rw^d^ , (C.4) 

together with a straightforward generalization of Proposition 12.51 that a and 
r^ 1 /? are Co-smooth if ^ is smooth, except for their I = components which 
are in the kernel of A. However, the gauge condition = = u>°£o + w 1 ^ 
implies 

wW<9j& = -tw J dj£o + t£o , 

and we conclude that 



o% = -Co , (c.5) 



wWd^ = -rwWj^o + r§o ■ (C.6) 

The Co^smoothness of 7 follows from (1C5|) . while that of a/r follows from 
(I03|) and (I06|) . 
We can write 

7 = w l d w ta + ip , 

and it remains to show that ip/r is Co-smooth. The inverse of (1C2|) reads 

= rd w k& + w l eik l d w i(3 + r 2 d w ka + rw l eikd w if3 — w l d w iaw k 

+^6 fc . (C.7) 

Extending a, a, etc., to R 4 by requiring the extension to be time-independent, 
and using the same symbols for this extension, £ k minus the first line of the 



25 



right-hand side of (1C.7P is the restriction to the light cone of the smooth 
vector field 

£fc - (td w ka + w l e ik l d w if3 

+r 2 d w ka + tw % e ik l d w ij3 - w l d w i&w k ) . (C.8) 

Hence for every k the function 

vjj(w)® k = —— L w k 
r 

extends to a smooth function on space-time. Choosing k to be one, by 
Proposition 12.11 we can write 

^w 1 = x(w) + rx{w) , (C.9) 
r 

for some smooth functions % an d X- F° r r 7^ this implies 

[x(w) + rx(w)] \ wl=Q = ; 

by continuity this holds for all r. Smoothness of x an d 7 implies existence 
of smooth functions 7 and 7 such that 

X = x\wi=o + iw 1 , X = xU 1 =o + 7w 1 , 

and (1C.9I) gives 

= [y(w) + rj(w)] w 1 . (CIO) 

For w 1 7^ we conclude 

ip{w) = rj(w) + r 2A f{w) , (C.ll) 

and continuity implies that this equation holds everywhere. We conclude 
that ip/r is Co-smooth, and the proof of necessity is complete. 

Sufficiency should be clear from what has been said together with 



iP(w)e k = [j(w) + t*/(w)]w k . (C.12) 

□ 
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D Borel's summation 



In the main body of the paper we will need the details of the following con- 
struction, which is a straightforward adaption of [6j Volume I, Theorem 1.2.6]: 

Lemma D.l [Borel summation] For any sequence {^...jJ^N = {c, Q, c^, . . .} 
there exists a smooth function f such that, for all fceN, 

k 

f -^c h ... ip y H ■■■y 1 * =o k {r k ) . 

p=0 

Proof. Let <fi G C°°(R) be any function such that 

01 [0,1/2] = 1 , 0l[l,oo) = . 

Set fo = c, and for p > 1 

/,= <j>(M p \y\)ch-i P y h ---y ip , (D.l) 

il,...,i p 

where the constant M p is chosen large enough so that for all p > and for 
all multi-indices a satisfying 

< H < p - 1 we have \d a f p \ < T v . 

Then for each a the series 

oo 
p=0 

is absolutely convergent. By standard results (see, e.g., [61 Volume I, Theo- 
rem 1.1.5]), the function 

oo 
p=0 

is smooth, and is easily seen to have the required properties. □ 
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